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We model the soft pomeron contribution to dipole-dipole scattering as a closed string exchange in
AdS5 with a wall. The exchange of closed and long strings is characterized by an apparent Unruh
temperature and entropy that are caused by the rapidity interval χ of the collision. We show that
the primordial transverse shear viscosity to transverse entropy density ratio is η⊥/s⊥ = (pik/χ)2/8pi
for scattering dipoles of N-ality k, vanishing at large χ.
I. INTRODUCTION
Collider experiments using heavy ions have revealed a novel state of hadronic matter referred to as the strongly
coupled QGP (sQGP) [1]. This state of matter is characterized by large hadronic multiplicities and strong azimuthal
particle fluctuations that appear to be well described by hydrodynamical models [2–5]. The rapid onset of hydrody-
namics with nearly ideal (shear) viscosity [6–16] points to short mean free paths and thus strong coupling. The large
initial multiplicities mean very prompt and large entropy release. Theoretical models for prompt and large entropy
release were discussed both at weak coupling in QCD [17–22] and strong coupling in holographic QCD [23–27].
Heavy ion collisions at large current colliders energies involve a large number of pp collisions with
√
s ranging from
0.2− 7 TeV. pp collisions at these energies are dominated by pomeron exchanges [28, 29]. At large Nc the pomeron is
a close bosonic string [30]. The pomeron diffusion in rapidity χ = ln(s/s0) also referred to as Gribov diffusion, is best
captured through long strings in hyperbolic AdS space with confinement at strong coupling [31–33]. The pomeron
diffusion was also thoroughly discussed in [34, 35] using a 10-dimensional supersymmetric string, both without and
with confinement.
At very high energies the rapidity interval parameter χ plays the role of an effective time. For fixed momentum
transfer, the string diffuses in the transverse space. The 2 transverse space coordinates need to be complemented by
an additional dipole scale z-coordinate, thus D⊥ = 3. Its initial value is the physical size of the colliding dipoles. This
z-coordinate is not flat but hyperbolic to account for the conformal nature of QCD evolution. The diffusion means
the production of small size dipoles in the transverse plane that fills the rapidity interval as detailed in [36]. We will
refer to these diffusing dipoles as the primordial matter.
At large rapidity χ, this closed string exchange is characterized by an effective Unruh temperature 1/β. This
temperature is caused by the emergence of a local acceleration on the string world-sheet needed to interpolate between
the receding string end-points of opposite rapidities ±χ/2. The Unruh temperature 1/β is lower than the string
Hagedorn temperature 1/βH . However, it is enough to excite the string tachyon in non-critical dimensions and
therefore induce entropy. This entropy is encoded in the rapidly growing string degeneracy. Estimates show that the
entropy released is about 1/3 per dipole-dipole collisions, with about 10 dipoles per pp collisions at typical collider
energies [37].
The stringy entropy released in individual pp collisions translates to a formidable prompt entropy in AA collisions
under the assumption of holographic saturation [36, 37]. A reasonable assessment of the charged multiplicities at
collider energies both at RHIC and LHC was made in [37]. In particular, the stringy entropy was argued to be
deposited over short time scales, typically of order (25 fm)/χ3. We now suggest that the excited transverse string
modes are characterized by a low viscosity that asymptotes zero at large rapidity χ. This is a new result that may
justify the use of nearly ideal hydrodynamics in the first 1 fm/c in the current minimum-bias collisions at collider
energies. We recall that the initial jittery spatial anisotropies produced in the prompt part of the collision, can be
smoothly converted to momentum anisotropies if the shear viscosity to entopy of the prompt matter is low.
In section 2 we review the set up for dipole-dipole scattering through a closed string exchange both in flat and
curved space. In section 3 and 4 we argue that the transverse pomeron propagator is actually a thermal partition
function for the transverse string modes with a small apparent temperature at large rapidity χ. In section 5 we detail
the construction of the transverse stress tensor and use it to assess the primordial shear viscosity in linear response.
Our conclusions follow in section 6. The appendix details the functional and canonical quantization of the pomeron
as a twisted string in flat D-dimensions.
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2FIG. 1: Twisted surface connecting the Wilson loops.
II. DIPOLE-DIPOLE SCATTERING
To make our discussion self-contained, we briefly review the basic formulation for the elastic dipole-dipole scattering
amplitude through a Wilson loop correlator [38–41] first in flat D = 2 + D⊥ dimensions. Each dipole is described
by a Wilson loop as shown in Fig. 1. The kinematics is captured by a fixed impact parameter b⊥, conjugate to the
transferred momentum q⊥, and the rapidity interval χ related to the collisional energy. At high energies, the T-matrix
factorizes [39, 42, 43]
T12→34(s, t) = 2is
∫
du1du2 ψ4(u1)ψ3(u1) TDD(χ,q⊥, u1, u2) ψ2(u2)ψ1(u2) , (2.0.1)
where ui is related to the transverse size of the dipole element described by the wave function ψi. The dipole-dipole
scattering amplitude is given by
TDD(χ,q⊥, u1, u2) =
∫
dD⊥−1b⊥ eiq⊥·b⊥WW , (2.0.2)
with
WW ≡ 1− 〈W(C1)W(C2)〉G (2.0.3)
The integration is taken over the D⊥ − 1 dimensional impact parameter space separating the two dipoles. For the
results to follow and for simplicity, the dipole sizes will be fixed to a near the UV boundary. We use the normalization
〈W〉 = 1 and focus only on the connected part of the correlator. The Wilson loops are evaluated along the surfaces
C1, C2 pictured in Fig. 1. The subscript G indicates that the expectation value of the Wilson loop correlator is taken
over gauge fields. This is the pomeron limit.
We note that TDD in (2.0.1-2.0.2) is the closed string propagator attached to the 2 sourcing dipoles in 5-dimensions.
It different is from the distorted (by curvature) spin-2 graviton exchange of [34, 35]. The graviton is massive in walled
AdS. Our approach is similar to the one used initially in [31–33] with a key difference that D⊥ = 5 and not 10. In the
eikonal approximation, the ultrarelativistic dipole is a scalar since it moves nearly on the light cone. In (2.0.2) we have
suppressed a dependence on the individual momenta of the dipole constituents and assumed that the total momentum
of each dipole is equally distributed between its constituents. The effective size of the dipole is at a maximum when
the momentum is unequally distributed and, hence, we are restricting our analysis to small dipoles.
When the dipoles are small compared to the impact parameter and the rapidity interval is large, the surface con-
necting the two dipoles is highly twisted and can be approximated by the world-sheet of a string with the appropriate
boundary conditions, see Figure 1. The exchanged surface in Figure 1 is the world-sheet surface of a closed string
exchanged in the t-channel. The string is subjected to twisted (boosted) boundary conditions. The surface is best
described in Euclidean space with a real twist angle θ and then analytically continued to Minkowski space through
θ → −iχ [31–33, 44, 45].
At large Nc the surface can be thought as the worldsheet made of fishnet diagrams [46]. At strong coupling λ = g
2Nc
the worlsheet can be sought in the context of holographic QCD. For that, we will use the bottom-up approach and
assume the string to be exchanged in curved AdS5 with a hard wall, i.e.
3ds2 =
1
z2
(
(dx0)2 + (dx1)2 + (dx2⊥) + (dz)
2
)
, (2.0.4)
with 0 ≤ z ≤ z0. So D⊥ = 3. The holographic z-direction will be identified with the size of the probing dipoles [36,
47]. Their evolution is captured by the conformal nature of the AdS5 metric in the UV. Although the field theory
corresponding to this truncated space is not exactly QCD, the idea is that it captures a key aspect of the QCD
string evolution in the conformal limit. A similar idea was used in the light-front translation of the holographic
wavefunctions [48].
For dipole sizes a small and near the boundary, at large impact parameters the exchanged string is long and
lies mostly on the wall at z ≈ z0 whereby the metric is nearly flat [31–33]. In this limit the string action can be
approximated by the flat Polyakov action
S[x] =
σT
2
∫ T
0
dτ
∫ 1
0
(
x˙µx˙µ + x
′µx′µ
)
(2.0.5)
with x˙ = ∂τx and x
′ = ∂σx. The string tension is σT = 1/(2piα′). The Regge slope α′ is related to the fundamental
string length by α′ = l2s ≈ 1/(z20
√
λ). We have made the following gauge choice for the world-sheet metric hab = δ
a
b .
With this in mind, the Wilson loop correlator is that of a closed string exchange [33]
WW = g2s
∫ ∞
0
dT
2T
K(T ) . (2.0.6)
with the string partition function
K(T ) =
∫
T
d[x] e−S[x]+ghosts . (2.0.7)
The closed string is parametrized by one parameter, the modulus (”circumference”) T . The factor g2s in (2.0.6) comes
from the genus of the string configuration compared to the disconnected configuration.
Some details regarding the computation of the partition function (2.0.7) can be found in the appendix VIII. The
result is
K(T ) = i
a2
α′
e−
σT
2 Tb
2
2 sin(T2 χ)
×
∞∏
n=1
∏
s=±
sinh[T2 npi]
sinh[T2 (npi + isχ)]
× η−D⊥( iT
2
) (2.0.8)
or
WW =
ig2sa
2
4α′
∫ ∞
0
dT
T
e−
σT
2 Tb
2
sin(T2 χ)
×
∞∏
n=1
∏
s=±
sinh[T2 npi]
sinh[T2 (npi + isχ)]
× η−D⊥( iT
2
) (2.0.9)
with b2 = b2⊥. The integral is dominated by the poles along the real T-axis or Tχ/2 = kpi with positive integer k.
Thus
WW = pig2s
a2
4α′
∞∑
k=1
χ
2kpi
2
χ
(−1)ke−k piσT b
2
χ ×
∞∏
n=1
∏
s=±
sinh(pi
2nk
χ )
sinh[pi
2nk
χ + ispik]
× η−D⊥( ikpi
χ
) (2.0.10)
Using the identity
∏
s=±
sinh(pi
2nk
χ )
sinh[pi
2nk
χ + ispik]
=
(e
pi2nk
χ − e−pi
2nk
χ )2
(e
pi2nk
χ eipik − e−pi2nkχ e−ipik) ∗ (epi2nkχ e−ipik − e−pi2nkχ eipik)
= 1 (2.0.11)
we obtain
4WW =
g2sa
2
4α′
[Nc/2]∑
k=1
(−1)k
k
e−k
piσT b
2
χ η−D⊥(
ikpi
χ
) (2.0.12)
In [33], the sum over the successive poles labeled by k was identified with the N-ality of the Wilson-loop sourcing the
close string exchange in Fig. 1. Specifically, k = 1, .., [Nc/2] for the Wilson loops or k = 1 for Nc = 3. The switch
from [∞/2] to [Nc/2] can be inferred from the occurence of the k-string tension or kσT in the exponent of (2.0.12)
(see [33] for further arguments).
Inserting (2.0.12) into (2.0.2) for fixed size dipoles u1 = u2 = ln(a/z0) [36, 47], we obtain for each k-ality
contribution
1
−2isT (s, t; k) ≈ g
2
sa
2
∫
d2b⊥ eiq⊥·b⊥KT (β,b⊥; k) (2.0.13)
where KT plays the role of a transverse partition function
KT (β,b⊥; k) = e−σkβb/2 η−D⊥
(
ik
2
β
b
)
(2.0.14)
Here σk = kσT and σT is the fundamental string tension. It is important to note that the poles occur at (after
restoring the dimension)
T = Tk ≡ 2kpi/χ (2.0.15)
characterizing a periodic close loop exchange in Fig. 1. Also
β ≡ 2pib/χ (2.0.16)
where 1/β acts as the Unruh temperature for the close string exchange. Indeed, the string end-points are at a relative
acceleration a = χ/b, so that the average Unruh temperature on the string world-sheet is 1/β = a/2pi [33].
For Nc > λ > 1, long strings and small Unruh temperatures in comparison to the Hagedorn temperature i.e.
βH < β < b, we will refer to KT as the transverse propagator or partition function. In flat 5 = 2 + D⊥ dimensions
it follows from the scalar Polyakov action with twisted boundary conditions [33, 36]. The effects of AdS5 curvature
will be briefly discussed below. Using the modular identity for the Dedekind eta-function or η(ix) = η(i/x)/
√
x [49],
allows us to rewrite the eta-function in (2.0.14) as
η−D⊥
(
ik
2
β
b
)
=
(
kβ
2b
)D⊥/2
epiD⊥b/6kβ ×
+∞∏
n=1
(
1− e−4pinb/kβ
)−D⊥
(2.0.17)
effectively trading β/b with b/β which makes the string of exponents in (2.0.17) convergent. We note that large b
corresponds to
√−t  √s pomeron exchange kinematics. Note that by inserting (2.0.17) into (2.0.14) and then in
(2.0.13) the elastic amplitude rises with (s/s0)
1+D⊥/12k. D⊥/12k is just the leading Luscher correction to the classical
string contribution in flat space. Curvature corrections to this result will be briefly mentioned in section 4.
III. CANONICAL PARTITION FUNCTION
It is physically insightful to rewrite the string of products in (2.0.17) as a trace over second quantized transverse
oscillator modes, whereby the hamiltonian is the temporal Virasoro generator. For that, we note that the normal
mode decomposition (see also Appendix-VIII A) is that of an untwisted string in D⊥ dimensions with fixed end-points.
Its second quantized form follows from the standard arguments given in [50]. Specifically (see also Appendix-VIII B)
xi⊥(τ, σ) = b
i
⊥(
σ
pi
− 1
2
) + i
√
2α′
∑
n 6=0
ain
n
sin(nσ) e−inτ , (3.0.1)
5with the transverse oscillator algebra
[
ain, a
j
m
]
= n δijδn+m,0 (3.0.2)
after rescaling σ → σ/pi for convenience. From ( 8.2.27)
Z⊥(βk) ≡
+∞∏
n=1
(
1− e−(4pib/kβ)n
)−D⊥
= Tr
(
e−βk L0
)
(3.0.3)
where βk = 4pib/kβ and the temporal Virasoro generator L0 [50] reads
L0 =
∞∑
n=1
D⊥∑
i=1
: ai−na
i
n :=
∞∑
n=1
D⊥∑
i=1
ai−na
i
n (3.0.4)
with an |0〉 = 0 for n > 0. The transverse partition function has the inspiring form of a thermal sum
KT (β,b⊥; k) =
(
2pi
βk
)D⊥/2
e−σkβb/2 Tr
(
e
−βk
(
L0−D⊥24
))
(3.0.5)
We recall that the normal ordering of (3.0.4) produces the zero-point contribution of D⊥/24 in (3.0.5) [50].
Since
∂χKT (β, b; k) = [
kσTpib
2
χ2
− D⊥
2χ
− 2
k
(L0 − D⊥
24
)]KT (β, b; k)
∇2⊥KT (β, b; k) = [4kσTpi(
kσTpi
χ2
b2 − D⊥
2χ
)]KT (β, b; k) (3.0.6)
KT obeys a diffusion equation in rapidity
(
∂χ +Dk
(
M20 −∇2b⊥
))
KT = 0 (3.0.7)
This is the famed Gribov diffusion for the pomeron in our case viewed as the exchange of a closed string. The pomeron
diffusion constant is Dk = α
′/2k. Note that
M20 =
4
α′
(
〈L0〉 − D⊥
24
)
(3.0.8)
is the string tachyonic mass. The average 〈· · · 〉 is taken in the equilibrium thermal ensemble. While the tachyon is a
liability in a potential calculation as it signals the instability of the string ground state except in critical dimensions,
it is a blessing in the scattering amplitude as it is identified with the positive pomeron intercept. The averaging in
(3.0.8) is carried through
〈L0〉 = −∂lnZ⊥
∂βk
= Tr
(
L0
e−βkL0
Z⊥
)
= D⊥
∞∑
n=1
n
eβkn − 1 (3.0.9)
as per the diffusion equation (3.0.7). Note that since βk = 2χ/k is large, the mean occupation of the transverse string
modes contributing to (3.0.9) is small
〈
: ai−na
i
n :
〉
=
n
eβkn − 1 ≈ n e
−βkn (3.0.10)
A large rapidity interval freezes the stringy pomeron exchange to its lowest tachyonic mode.
In so far most of the analysis was carried for fixed but small dipoles a and large impact parameters b⊥, to take
advantage of the nearly flat induced metric around z ≈ z0. While we do not know how to address quantum strings in
curved AdS5 in general, we still can assess the effects of the AdS5 curvature on the diffusion equation (3.0.7). Indeed,
by identifying the z-coordinate in (3.0.7) with the dipole size (also the size of the close string exchange), we can trade
the flat Laplacian ∇2b⊥ with its analogue in curved AdSD⊥=3. The result is a diffusive equation in AdSD⊥=3 with a
1/
√
λ correction to the tachyon mass [36].
6IV. ENTROPY
The free energy associated to the transverse pomeron propagator can be identified with Fk = −lnKT /β thanks to
the induced Unruh temperature 1/β. This translates to a pomeron entropy Sk = β
2∂Fk/∂β. Explicitly
Sk = lnKT − ∂ lnKT
∂ lnβ
= lnKT +
∂ lnKT
∂ lnχ
(4.0.1)
= D⊥
∞∑
n=1
ln
(
1 +
1
eβkn − 1
)
+ βk
(
D⊥
12
− 〈L0〉
)
− D⊥
2
(
1 + ln
(
βk
2pi
))
Again, since βk = 2χ/k is large, (4.0.1) is dominated by the tachyon contribution Sk ≈ D⊥βk/12 [37]. Therefore,
the released pomeron entropy per transverse area for large χ is
s⊥ ≡ Sk
A⊥
≈ χ
A⊥
D⊥
6k
≡ 2 lnNwee
A⊥
(4.0.2)
Nwee = e
χ(αP,1−1) with αP,1 − 1 ≈ D⊥/12k is the number of transverse wee dipoles [37] with (αP,1 − 1) the (bare)
pomeron intercept. The last idensity confirms our interpretation of the primordial matter as the number of wee dipoles
undergoing Gribov diffusion in the transverse plane. The role of AdS5 curvature on the exchanged string translates
to 1/
√
λ corrections to (4.0.2) as detailed in [37]. They correct the pomeron intercept and entropy (4.0.1). A similar
curvature correction to the pomeron as a graviton exchange in 10 dimensions was originally obtained in [34, 35].
Note that β > βH translates to a rapidity bound χ < 2 in the diffusive limit
〈
b2
〉
= Dkχ. A refined bound including
1/λ corrections in the pomeron intercept, is [36, 37]
β >
√
2(αP,1 − 1)βH (4.0.3)
leading to χ < 10 for a physical pomeron intercept of 0.08. Strings with χ > 10 need a resummation of the βH/β
contributions which is beyond the scope of the scalar Polyakov action.
V. TRANSVERSE SHEAR VISCOSITY
For the transport properties associated to the stringy modes in the transverse 3-dimensional plane to the dipole-
dipole collision at large rapidity χ, the transverse string modes are dominant. Their transport properties such as the
transverse shear viscosity η⊥ for instance, can be defined using standard linear response analysis with the density
matrix e−βkL0/Z⊥ as defined in (3.0.9). Specifically
η⊥ = lim
ω→0+
1
2ω
∫
dtdx eiωt 〈[T⊥(t,x), T⊥(0, 0)]〉 (5.0.1)
where T⊥(t,x) is the stress tensor associated to the Polyakov string in D-dimensions. It is sufficient to consider
T⊥(t) =
1
A⊥
∫ 4∏
a=1
dxa T⊥(t,x) (5.0.2)
The averaging in (5.0.2) over the transverse coordinates x1,2,3 picks the zero momentum component of of the transverse
energy momentum tensor in our physical 3-dimensional space with A⊥ ≈ (χα′) ls [33, 36]. Eq. 5.0.1 simplifies
η⊥ = lim
ω→0+
A⊥
2ω
∫
dteiωt 〈[T⊥(t), T⊥(0)]〉 (5.0.3)
The stress tensor associated to the Polyakov string reads
TµνD (y) =
δS[x]
δgµν(y)
(5.0.4)
7using the Polyakov action (8.0.2). Explicitly
TµνD (y) =
σT
2
∫ T
0
dτ
∫ pi
0
dσ ∂xµ ∂xν δD(x− y) (5.0.5)
where δD(x− y) = δ(x0 − y0)δ(x− y). We dropped the boundary contributions as they do not affect the evaluation
of the transverse transport coefficient. For the transverse spatial components µ, ν = i, j = 2, 3 we identify the time
x0 = t = τ with the affine coordinate on the world-sheet defined with flat metric h = (1,−1). Therefore∫
dτδ(x0 − y0) = 1 (5.0.6)
so that
T ij⊥ (τ) =
1
A⊥
∫ 4∏
a=1
dya T ij⊥ (y)
=
σT
2A⊥
∫ pi
0
dσ
(
x˙i⊥ x˙
j
⊥ − x′i⊥x′j⊥
)
(5.0.7)
Inserting (3.0.1) into (5.0.7), we obtain
T ij⊥ (τ) = (2α
′)
σT
2A⊥
∫ pi
0
dσ
∑
n 6=0
∑
n′ 6=0
aina
j
n′(sin(nσ) sin(n
′σ)e−i(n+n
′)τ + cos(nσ) cos(n′σ)e−i(n+n
′)τ )
=
1
2A⊥
∑
n 6=0
aina
j
ne
−i2nτ (5.0.8)
Pluging (5.0.8) into (5.0.3) and normal ordering yields
η⊥ = lim
ω→0+
A⊥
2ω
∫ ∞
0
dτeiωτ
〈
:
[
T 23⊥ (τ), T
23
⊥ (0)
]
:
〉
= lim
ω→0+
A⊥
2ω
∫ ∞
0
dτeiωτ
1
4A2⊥
∑
n 6=0
e−i2nτn(
〈
: a2na
2
−n :
〉
+
〈
: a3−na
3
n :
〉
)
= lim
ω→0+
−i
2ωA⊥
∫ ∞
0
dτeiωτ
∞∑
n=1
n2
eβkn − 1 sin(2nτ)
(5.0.9)
Switching the summation and integration yields
η⊥ = lim
ω→0+
1
4ωA⊥
∞∑
n=1
n2
eβkn − 12piδ(ω − 2n) =
1
A⊥
pi
8βk
(5.0.10)
where the last equality follows by taking the limit after enforcing the sum. Unlike the entropy density (4.0.2), the
transverse mode contributions to (5.0.10) decrease with the rapidity interval. Since the transverse string area is
A⊥ ≈ (χα′) ls, it follows that
η⊥ ≈ σk
2
(
pi
2χ
)2
(5.0.11)
which is asymptotically small. The ratio of the primordial transverse viscosity (5.0.10) to transverse entropy (4.0.2)
is independent of the way we set the transverse diffusion area A⊥,
η⊥
s⊥
=
3pik2
8χ2D⊥
≡ 1
8pi
(
pik
χ
)2
(5.0.12)
We recall that for the holographic pomeron D⊥ = 3. We note that the ratio jumps by 4 in trading k = 1 or a
fundamental dipole source with k = 2 or an adjoint dipole source. (5.0.12) is remarkable as it shows that the ratio is
vanishingly small at large rapidity.
8VI. CONCLUSION
In holographic QCD the pomeron exchange in dipole-dipole scattering with a large rapidity χ is described by the
exchange of a non-critical string in hyperbolic D = 5 dimensions. The extra curved direction is identified with the
dipole size. A finite rapidity interval induces a local Unruh temperature on the string world-sheet 1/β = a/2pi = χ/2pib,
which is at the origin of a primordial entropy [37]. This Unruh temperature is due to the collision kinematics and is
distinct from the dynamical Unruh temperature argued in [51, 52] using the saturation momentum.
As the Unruh temperature is smaller than the Hagedorn temperature, this primordial entropy is mostly carried by
the tachyonic string mode. The transverse string modes are excited, but their contribution to the transverse entropy is
sub-leading at large rapidity χ. However, the transverse string modes are the dominant contributors to the transverse
energy momentum tensor and therefore their fluctuations dominate the transverse transport properties of this form
of prompt and primordial matter released through the inelastic part of the exchange.
The transverse shear viscosity of the primordial matter released by the exchange of the pomeron over its transverse
diffusive size A⊥ ≈ (χα′) ls is found to be small, i.e. η⊥ ≈ 1/χ2. Unlike the transverse entropy density which is
constant over the rapidity interval, the transverse viscosity is not. As a result, the ratio of the primordial transverse
viscosity to transverse entropy per unit area (5.0.12) is found to vanish asymptotically.
This limit evades the 1/4pi lower bound [53] as it involves the exchange of a string that is not yet dual to a black-hole.
While the transverse entropy is dominated by the tachyon and scales with the rapidity interval, the shear viscosity is
due to the transverse modes which are suppressed by the rapidity interval. The transverse modes are kinematically
subdominant in bulk but dominant in transverse transport. This dichotomy is the essence of the dynamical calculation
we have detailed, which may well be the lore at current collider energies in the primordial stage and for the minimum
bias multiplicities.
When the Unruh temperature becomes comparable to the Hagedorn temperature or β ≈ βH , the use of the scalar
Polyakov action is no longer valid. A recent analysis using the Nambu-Goto action shows that the exchanged pomeron
becomes explosive and dual to a black-hole with a viscosity to entropy ratio of 1/4pi [54–56]. Explosive pomerons
maybe important for the recently reported high multiplicity events in colliders [57, 58].
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VIII. APPENDIX
In this Appendix, we derive the string partition function (Eq. 2.0.8) in Sec-II by using (1) the functional approach
and (2) the canonical approach. Both approaches are complementary in illustrating the appearance of thermal effects.
The string partition function reads
K(T ) =
∫
T
d[x] e−S[x]+ghosts (8.0.1)
where
S[x] =
σT
2
∫ T
0
dτ
∫ 1
0
dσ
(
x˙µx˙µ + x
′µx′µ
)
(8.0.2)
is the Polyakov string action. The collision set up is shown in Fig. 1, with the twisted boundary conditions
cos(
θ
2
)x1 + sin(
θ
2
)x0 |σ=0 = 0, x⊥|σ=0 = −b
⊥
2
cos(
θ
2
)x1 − sin(θ
2
)x0 |σ=1 = 0, x⊥|σ=1 = +b
⊥
2
(8.0.3)
with b⊥ = (0, · · · , b, · · · , 0) and periodicity xµ(τ) = xµ(τ + T ). This latter property is at the origin of the thermal
effects and the appearance of an Unruh temperature.
9A. Functional approach
In Euclidean space, the twisted boundary condition (Eq. 8.0.3) can be simplified by the following transformation(
x0
x1
)
=
(
cos θσ2 − sin θσ2
sin θσ2 cos
θσ
2
)(
x˜0
x˜1
)
(8.1.4)
with θσ = θ(2σ − 1) and leading to an ordinary Dirichlet boundary condition
x˜1 |σ=0,1 = 0 (8.1.5)
Note that (8.1.5) translates to
∂τ x˜
1 |σ=0,1 = 0 ∂σx˜0 |σ=0,1 = 0 (8.1.6)
The second equation follows from the fact that the world-sheet Tαβ = δS/δhαβ = 0. Thus, the mode decomposition
x˜0(τ, σ) =
∞∑
m=−∞
∞∑
n=0
y0m,n exp(i2pim
τ
T
) cos(pinσ)
x˜1(τ, σ) =
∞∑
m=−∞
∞∑
n=1
y1m,n exp(i2pim
τ
T
) sin(pinσ)
x˜⊥(τ, σ) = x⊥(τ, σ) = (σ − 1
2
)b⊥ +
∞∑
m=−∞
∞∑
n=1
y⊥m,n exp(i2pim
τ
T
) sin(pinσ) (8.1.7)
Using the above results, we can recast (8.0.1) into
K = K0L ×KØL ×K⊥ ×Kghost (8.1.8)
where K0L and KØL are the longitudinal zero and non-zero mode contributions respectively, K⊥ is the transverse
contribution, and Kghost is the ghost contribution. The explicit forms are given by
K0L =
∞∏
m=−∞
[
σTT
2pi
(θ2 +
4pi2m2
T 2
)]−
1
2 (8.1.9)
K/0L =
∞∏
n=1
∏
s=±
∞∏
m=−∞
{σTT
4pi
[
4m2pi2
T 2
+ (npi + sθ)2]}− 12 (8.1.10)
K⊥ = exp[−σT
2
Tb2]
∞∏
n=1
∞∏
m=−∞
[
σTT
4pi
(
4pi2m2
T 2
+ n2pi2)]−
D⊥
2 (8.1.11)
and the ghost contribution tags to the two longitudinal non-zero mode contribution
Kghost =
∞∏
n=1
∞∏
m=−∞
σTT
4pi
(
4m2pi2
T 2
+ n2pi2) (8.1.12)
The products are divergent, but can be done with the help of ζ-function regularization and the product formula for
sinh
sinhx
x
=
∞∏
n=1
(1 +
x2
pi2n2
) (8.1.13)
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The transverse-mode contribution K⊥ (Eq. 8.1.11) now reads
K⊥ = exp[−σT
2
Tb2]
∞∏
n=1
∞∏
m=−∞
[m2(1 +
(npiT2 )
2
m2pi2
)]−
D⊥
2
= exp[−σT
2
Tb2]
∞∏
n=1
[2 sinh(
npiT
2
)]−D⊥ (8.1.14)
where we used
∏∞
−∞ c = 1 and
∏∞
m=1m =
√
2pi. We further notice
∞∏
n=1
2 sinh(pi
T
2
n) =
∞∏
n=1
(epin
T
2 − e−pinT2 )
= e
∑∞
n=1 pin
T
2 ∗
∞∏
n=1
(1− e−pinT )
= e−pi
T
24 ∗
∞∏
n=1
(1− e−pinT )
= η(
iT
2
) (8.1.15)
where η(τ) is Dedekind eta function after using ζ(0) = −1/12. Similar arguments yield
K0L =
1
2 sinh(T2 θ)
K/0L =
∞∏
n=1
∏
s=±
1
2 sinh[T2 (npi + sθ)]
(8.1.16)
In sum, the string partition function is given by
K(T ) =
a2
α′
e−
σT
2 Tb
2
2 sinh(T2 θ)
×
∞∏
n=1
∏
s=±
sinh[T2 npi]
sinh[T2 (npi + sθ)]
× η−D⊥( iT
2
) (8.1.17)
with
a2 −→ a2T +
a2L
sin2( θ2 )
≈ a2T (8.1.18)
the transpose dipole size squared. The analytical continuation to Minkowski space or θ −→ −iχ, gives the final result
K(T ) = i
a2
α′
e−
σT
2 Tb
2
2 sin(T2 χ)
×
∞∏
n=1
∏
s=±
sinh[T2 npi]
sinh[T2 (npi + isχ)]
× η−D⊥( iT
2
) (8.1.19)
which is (2.0.8) as discussed in Sec-II using the functional approach.
B. canonical approach
In this subsection, we re-derive the string partition function (2.0.8) using the canonical approach. In Minkowski
space, we recall the second quantized transverse coordinates (Eq. 3.0.1)
xi⊥(τ, σ) = b
i(
σ
pi
− 1
2
) + i
√
2α′
∑
n 6=0
ain
n
sin(nσ) e−inτ (8.2.20)
with the transverse oscillator algebra [
ain, a
j
m
]
= n δijδn+m,0 (8.2.21)
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after rescaling σ → σ/pi. We have
P i⊥ = σT x˙
i
⊥ = σT
√
2α′
∑
n 6=0
ain sin(nσ) e
−inτ (8.2.22)
and the canonical commutation rule follows
[xi⊥(τ, σ), P
j
⊥(τ, σ
′)] = iσT 2α′
∑
n 6=0
∑
m6=0
sin(nσ)e−inτ
n
sin(mσ′)e−imσ
′
[ain, a
j
m] = iδNM(σ − σ′) (8.2.23)
The Nonzero-Mode delta function is defined as δNM (σ − σ′) =
∑
n 6=0 sin(nσ) sin(nσ
′)/pi. Thus∫ T
0
dτ
∫ pi
0
dσ H⊥ = pi
2
∫ T
0
dτ
∫ pi
0
dσ (
1
σT
P 2 + σT (x
′)2)
=
σT b
2T
2
+
piT
2
∑
n 6=0
D⊥∑
i
aina
i
−n (8.2.24)
We note that
< exp(−piT
2
∑
n 6=0
D⊥∑
i
aina
i
−n) > = < exp{−
piT
2
∑
n>0
D⊥∑
i
(aina
i
−n + a
i
−na
i
n)} >
= < exp{−piT
2
∑
n>0
D⊥∑
i
(2ai−na
i
n + [a
i
n, a
i
−n])} >
= < exp(−piTL0) > exp(−piT
2
∑
n>0
D⊥∑
i
n)
= < exp[−piT (L0 − D⊥
24
)] > (8.2.25)
where
L0 =
∑
n>0
D⊥∑
i
ai−na
i
n (8.2.26)
is the temporal Virasoro generator. For arbitrary constant c, we have the formula
Tr [exp(−cL0)] =
D⊥∏
i
∞∏
n=1
∞∏
Ni=0
ecnNi
= (
∞∏
n=1
1
1− e−cn )
D⊥
=
∞∏
n=1
(1− e−cn)−D⊥ (8.2.27)
where we used < N1, · · · , ND⊥ |ai−nain|N1, · · · , ND⊥ >= Ni. Combining these results, we reproduce the transverse
propagator (8.1.14)
K⊥ = Tr [exp(−
∫ T
0
dτ
∫ pi
0
dσ H⊥)]
= exp(−σT
2
Tb2)× eD⊥24 piT
∞∏
n=1
(1− e−npiT )−D⊥
= exp(−σT
2
Tb2)η−D⊥(
iT
2
) (8.2.28)
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Now, we derive the longitudinal propagator (Eq. 8.1.16). In Minkowski space θ −→ −iχ, the twisted boundary
condition (Eq. 8.0.3) at σ = 0 reads
sinh(
χ
2
)x0 + cosh(
χ
2
)x1 = 0 (8.2.29)
Apply ∂τ to both sides of (8.2.29) and note again that T
αβ = δS/δhαβ = 0. Thus
sinh(
χ
2
)∂τx
0 + cosh(
χ
2
)∂τx
1 = 0
cosh(
χ
2
)∂σx
0 + sinh(
χ
2
)∂σx
1 = 0 (8.2.30)
Use T -duality along the direction x1
∂τx
1 = ∂σy
1 ∂σx
1 = ∂τy
1 (8.2.31)
and denote y0
.
= x0. The boundary condition is now given by
sinh(
χ
2
)∂τy
0 + cosh(
χ
2
)∂σy
1 = 0
cosh(
χ
2
)∂σy
0 + sinh(
χ
2
)∂τy
1 = 0 (8.2.32)
To diagonalize the boundary conditions (Eq. 8.2.32), define
y± =
1√
2
(y0 ± y1) (8.2.33)
We then obtain
∂σy
± = ∓ tanh(χ
2
)∂τy
± (σ = 0)
∂σy
± = ± tanh(χ
2
)∂τy
± (σ = 1) (8.2.34)
The canonical form of y± reads [59, 60]
y± = Y ± + i
√
2α′a±0 φ
±
0 + i
√
2α′
∑
n>0
[a±n φ
±
n − (a±n )∗(φ±n )∗] (8.2.35)
where
φ±n (τ, σ) = (n± i
χ
pi
)−
1
2 e−i(n±i
χ
pi )τ cos[(n± iχ
pi
)σ ∓ iχ
2
] (8.2.36)
It follows readily that
∂σφ
±
n
∂τφ
±
n
= −i tan[(n± iχ
pi
)σ ∓ iχ
2
] =
{
∓ tanh(χ2 ), (σ = 0)
± tanh(χ2 ), (σ = 1)
(8.2.37)
which explicitly satisfy (8.2.34). Define the commutation relations
[a±n , (a
∓
m)
∗] = δn,m (8.2.38)
where (a±0 )
∗ = ±ia±0 . The conjugate momentum is then
p± = σT y˙∓ =
√
2α′σT (∓iχ
pi
)a∓0 φ
∓
0 + σT
√
2α′
∑
n>0
[(n∓ iχ
pi
)a∓n φ
∓
n + (n± i
χ
pi
)(a∓n )
∗(φ∓n )
∗] (8.2.39)
The canonical commutation relation follows
[y±, p±] = i2α′σT
∑
n>0
∑
n′>0
{(n′ ± iχ
pi
)φ±n (φ
∓
n′)
∗[a±n , (a
∓
n′)
∗]− (n′ ∓ iχ
pi
)φ∓n′(φ
±
n )
∗[(a±n )
∗, a∓n′ ]}+ i2α′σTφ±0 φ∓0
χ
pi
[a±0 , (a
∓
0 )
∗]
=
i
pi
∑
n
{cos[(n± iχ
pi
)σ ∓ iχ
2
] cos[(n± iχ
pi
)σ ∓ iχ
2
]}
= iδ(σ − σ′) (8.2.40)
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After simple algebra, we obtain∫ T
0
dτ
∫ pi
0
dσ HL = pi
2
∫ T
0
dτ
∫ pi
0
dσ [
1
σT
(p±p∓) + σT (∂σy±)(∂σy∓)]
=
T
2
∑
n>0
{(npi − iχ)[a−n (a+n )∗ + (a+n )∗a−n ] + h.c.}+ χ(a−0 a+0 + a+0 a−0 ) (8.2.41)
where n > 0 are the nonzero modes and a±0 are zero modes. The zero mode propagator reads
K0L = Tr < exp[−
∫ T
0
dτ
∫ pi
0
dσ H0L] >
= Tr < exp[−T
2
χ(a−0 a
+
0 + a
+
0 a
−
0 )] >
= Tr < exp[−iTχ(a−0 )∗a+0 − i
T
2
χ[a+0 , (a
−
0 )
∗]] >
= e−i
T
2 χ
1
1− e−iTχ
=
1
2i sin(χT2 )
(8.2.42)
Comparing with (8.1.16), we reproduce the zero mode propagator. A repeat of the same algebra yields
K/0L =
∞∏
n=1
1
2 sinh(T2 (npi + iχ))
1
2 sinh(T2 (npi − iχ))
(8.2.43)
which is the nonzero mode propagator. In sum, we confirm the string partition function (2.0.8) of Sec-II through the
canonical approach.
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